In this paper, the concept of generalized Jaggi-Berinde contraction multivalued maps in partially ordered metric spaces is introduced. A fixed point theorem for such maps is established. An example is given to support our main result. We investigate the stability of fixed points for a sequence of generalized Jaggi-Berinde contraction multivalued maps in partially ordered metric spaces. Our results are generalizations of some fixed point theorems in the literature.
Introduction and preliminaries
Let (X, d) be a metric space. We denote by N (X) the family of all nonempty subsets of X, and by C(X) the family of all nonempty closed subsets of X, and by CB(X) the family of all nonempty closed and bounded subsets of X. Let x 0 ∈ X, and let T : X → N (X) be a multivalued map. Then, a sequence {x n } ∞ n=0 defined by x n ∈ T x n−1 , n = 1, 2, , · · · is called a (Picard ) orbit of T at initial point x 0 .
The triple (X, , d) is called partially ordered metric space if (X, ) is a partially ordered set and (X, d) is a metric space. Further, if (X, d) is complete, then the triple (X, , d) is called partially ordered complete metric space.
A lot of authors investigated fixed point theorems in partially ordered metric spaces, for example, the authors of [1, 2] and reference therein.
Recently, Arshad et al. [4] obtained a fixed point theorem for maps satisfying certain rational cotraction condition in partially ordered metric spaces, which is a generalization and extension of theorem 1 of [13] to the case of partially ordered metric spaces. They proved the following theorem. 
for all distinct x, y ∈ X with x y, where L ≥ 0 and α, β ∈ [0, 1) with α + β < 1.
If there exist x 0 ∈ X such that x 0 f x 0 , then f has a unique fixed point.
Very recently, Cho [8] gave a generalization of the result of [4] to the case of multivalued map as follows:
) be a partially ordered metric space. Suppose that a nondecreasing map T : X → C(X) satisfies
Suppose that X is T -orbitally complete and that there exist x 0 ∈ X and x 1 ∈ T x 0 such that x 0 x 1 .
Assume that one of the following is satisfied:
(1) T is continuous;
Then T has a fixed point in X, i.e. there exists x * ∈ X such that x * ∈ T x * . Moreover, for any x 0 ∈ X, there exists an orbit {x n } of T at the initial point x 0 that converges to a fixed point x * of T .
Aydi et al. [3] obtained the next result. Theorem 1.3. Let (X, , d) be a partially ordered complete metric space. Let f, T : X → X be maps such that f is an ICS map and T is a nondecreasing map satisfying
for all distinct x, y ∈ X with x y. Assume that either
(1) T is continuous or;
(2) if {x n } is nondecreasing sequence in X such that lim n→∞ x n = x, then x = sup{x n }.
If there exist x 0 ∈ X and x 1 T x 0 , then T has a fixed point in X.
In this paper, we give a generalization of the result of [3] to the case of multivalued maps. We have a generalization of Theorem 2.1 of [8] .
Also we obtain a generalization of Theorem 1 of [13] to the case of multivalued map defined on partially ordered metric space.
Let (X, d) be a metric space, and let T : X → N (X) be a multivalued map and f : X → X be a map.
A function g : X → R is called T -orbitally lower semicontinuous [8] if, for any orbit {x n } of T at initial point x 0 ∈ X, g(x) ≤ lim inf g(x n ), whenever lim n→∞ x n = x.
The graph G(T ) of T is defined as G(T ) = {(x, y) : y ∈ T x}. The graph G(T ) of T is called T -orbitally closed [8] if, for any sequence {x n }, we have (x, x) ∈ G(T ) whenever (x n , x n+1 ) ∈ G(T ) and lim n→∞ x n = x.
X is called f T -orbitally complete if, for orbit {x n } of T at initial point x 0 ∈ X, every Cauchy subsequence {f x n(k) } of sequence {f x n } is convergent to some point in X.
Also, X is called T -orbitally complete [8] if every Cauchy subsequence {x n(k) } of orbit {x n } of T at initial point x 0 ∈ X, is convergent to some point in X.
Note that completeness implies T -orbitally completeness, and I X T -orbitally completeness is T -orbitally completeness, where I X is the identity map on X.
Let (X, ) be a partially ordered set, and let A and B be nonempty subsets of X.
We say that A B, whenever a b for all a ∈ A and all b ∈ B.
A multivaled map T : X → N (X) is called nondecreasing if
) be a metric space, and let B ∈ C(X).
If a ∈ X and d(a, B) < c, then there exists b ∈ B such that d(a, b) < c.
Main results
We denote by Φ the family of all nondecreasing functions φ :
, where φ n is the n-th iterate of ψ. Note that if φ ∈ Φ, then φ(0) = 0 and 0 < φ(t) < t for all t > 0.
Let (X, , d) be a partially ordered metric space, and let f : X → X be an ICS map. A multivalued map T : X → N (X) is called generalized JaggiBerinde contraction if there exist a strictly increasing function φ ∈ Φ and a constant L ≥ 0 such that, for all distinct x, y ∈ X with x y,
where
Lemma 2.1. Let (X, d) be a metric space, and let T : X → C(X) be a multivalued map. Let {x n } be orbit of T at initial point x 0 ∈ X and lim n→∞ x n = x * .
(2) g T is T -orbitally lower semi-continuous;
Then, x * is a fixed point of T , i.e. x * ∈ T x * .
Proof. If T is continuous, then lim n→∞ H(T x * , T x n ) = 0. So we have
By taking limit in above inequality, we have d(x * , T x * ) = 0, and so x * ∈ T x * .
Assume that g T is T -orbitally lower semi-continuous.
Thus, x * ∈ T x * .
Suppose that G(T ) is T -orbitally closed.
Since (x n , x n+1 ) ∈ G(T ) for all n ∈ N ∪ {0} and lim n→∞ x n = x * , we have (x * , x * ) ∈ G(T ) by the T -orbitally closedness. Hence, x * ∈ T x * . Theorem 2.1. Let (X, , d) be a partially ordered metric space, and let f : X → X be an ICS map. Let T : X → C(X) be a nondecreasing and generalized Jaggi-Berinde contraction multivalued map. Suppose that X is f T -orbitally complete and that there exist x 0 ∈ X and x 1 ∈ T x 0 such that x 0 x 1 .
Then T has a fixed point in X. Moreover, for any x 0 ∈ X, there exists an orbit {x n } of T at the initial point x 0 that converges to a fixed point x * of T .
Proof. Let x 0 ∈ X and x 1 ∈ T x 0 be such that x 0 x 1 . If x 0 = x 1 , then x 0 is a fixed point of T , and the proof is finished. Assume that x 0 = x 1 .
Then, f x 0 = f x 1 , becuse f is ICS. Let c > 0 be a fixed conctant such that
From (2.1) we have
, and so from (2.2) and (2.3) we have
From Lemma 1.1 there exists
So there exists x 2 ∈ T x 1 such that f x 2 = y 1 .
Thus, we have
Since T is nondecreasing and x 2 ∈ T x 1 , x 1 x 2 . If x 1 = x 2 , then x 1 is a fixed point of T , and proof is finished. Let
Since f is ICS, f x 1 = f x 2 and so d(f x 1 , f x 2 ) > 0. Again from (2.1) we have
which implies d(f x 2 , f T x 2 ) = 0, and so d(f x 1 , f x 2 ) = 0. Thus, f x 1 = f x 2 , which is a contradiction.
, and so from (2.4) and (2.5) we have
From Lemma 1.1 there exists x 3 ∈ T x 2 such that
Inductively, we have a sequence {x n } of points in X such that, for all n ∈ N,
Let > 0 be given. Since
So {f x n } is a Cauchy sequence in X. It follows from the f T -orbitally completeness of X that lim n→∞ f x n = y * ∈ X exists. Since f is ICS, there exists x * ∈ X such that lim
From Lemma 2.1 x * is a fixed point of T .
Corollary 2.2. Let (X, , d) be a partially ordered metric space, and let f : X → X be an ICS map. Let T : X → C(X) be a nondecreasing multivalued map. Suppose that there exist φ ∈ Φ and L ≥ 0 such that, for all distinct x, y ∈ X with x y,
Also, suppose that X is f T -orbitally complete and that there exist x 0 ∈ X and x 1 ∈ T x 0 such that x 0 x 1 .
Then T has a fixed point in X.
Corollary 2.3. Let (X, , d) be a partially ordered metric space, and let f : X → X be an ICS map. Let T : X → C(X) be a nondecreasing multivalued map. Suppose that there exist φ ∈ Φ and L ≥ 0 such that, for all distinct x, y ∈ X with x y, H(f T x, f T y) ≤ φ (m(x, y) ).
Remark 2.1. Corollary 2.3 is a generalization of Theorem 2.1 of [3] . In fact, if we replace multivalued map by single valued map and replace f Torbitally completeness by completness, then Corollary 2.3 reduce to Theorem 2.1 of [3] with ∞ n=0 φ n (t) < ∞ for all t > 0.
Corollary 2.4. Let (X, , d) be a partially ordered metric space, and let f : X → X be an ICS map. Let T : X → C(X) be a nondecreasing multivalued map. Suppose that there exist k ∈ (0, 1) and L ≥ 0 such that, for all distinct x, y ∈ X with x y,
Corollary 2.5. Let (X, , d) be a partially ordered metric space, and let f : X → X be an ICS map. Let T : X → C(X) be a nondecreasing multivalued map. Suppose that there exist α, β ∈ (0, 1) with α + β < 1 and L ≥ 0 such that, for all distinct x, y ∈ X with x y,
Corollary 2.6. Let (X, , d) be a partially ordered metric space, and let f : X → X be an ICS map. Let T : X → C(X) be a nondecreasing multivalued map. Suppose that there exist α, β ∈ (0, 1) with α + β < 1 and L ≥ 0 such that, for all distinct x, y ∈ X with x y,
Remark 2.2.
(1) Corollary 2.5 is a generalization of Theorem 2.1 of [8] . In fact, we have f = I X in Corollary 2.5, the it become Theorem 2.1 of [8] .
(2) Corollary 2.6 is a generalization of Theorem 2 of [4] . In fact, if we replace multivalued map by single valued map and replace T -orbitally completeness by completness and f = I X , then Corollary 2.6 reduce to Theorem 2 of [4] . Corollary 2.7. Let (X, , d) be a partially ordered metric space, and let f : X → X be an ICS map. Let T : X → C(X) be a nondecreasing multivalued map. Suppose that there exist β ∈ (0, 1) and L ≥ 0 such that, for all distinct x, y ∈ X with x y, H(f T x, f T y) ≤ βd(f x, f y) + Ld(f y, f T x).
Remark 2.3. Corollary 2.7 is a generalization of Theorem 2.1 of [5] to the case of partially ordered metric spaces with an ICS map.
The following example illustrates Theorem 2.1. t for all t ≥ 0, and let L = 1. Let f x = 2x for all x ∈ X, and we define a set-valued mapping T : X → C(X) by
Also, we define x y if and only if y ≤ x for all x, y ∈ X. Then, (X, , d) is a partially ordered metric space, and X is f T -orbitally complete.
Obviously, T is a nondecreasing multivalued map, and for x 0 = 1 3 and x 1 = 1 3 2 in X, we have x 1 ∈ T x 0 and x 0 x 1 . It is easy to see that g T is T -orbitally lower semicontinuous.
We now show that condition (2.1) is satisfied. We consider two cases. Then, f u ∈ f T u and we have d(f u n , f u) ≤d(f u n , f T n u) + d(f T n u, f u) ≤H(f T n u n , f T n u) + H(f T n u, f T u) ≤k max{ d(f u n , f T n u n )d(f u, f T n u) d(f u n , f u) , d(f u n , f u)} + Ld(f u, f T n u n ) + H(f T n u, f T u)
≤kd(f u n , f u)) + Ld(f u, f u n ) + H(f T n u, f T u) which implies
Hence, we have lim n→∞ f u n = f u, because lim n→∞ H(T n u, T u) = 0. Since f is ICS, lim n→∞ u n = u Corollary 2.9. Let (X, , d) be a partially ordered metric space, and let f : X → X be an ICS and surjective map. Let T n : X → C(X) be a multivalued map with u n ∈ T n u n for all n ∈ N. Assume that there exist L ≥ 0 and α, β ∈ [0, 1) with α + β < 1 such that, for all distinct x, y ∈ X with x y, H(f T n x, f T n y) ≤ α d(f x, f T n x)d(f y, f T n y) d(f x, f y) + βd(f x, f y) + Ld(f y, f T n x) for each n ∈ N. Suppose that {T n } converges pointwise to T : X → C(X). Then, lim n→∞ u n = u if and only if u ∈ T u, where u n u for all n ∈ N.
Remark 2.4.
(1) If we have f = I X in Corollary 2.9, then Corollary 2.9 reduce Theorem 2.6 of [8] .
(2) If we take T by single valued map, L = 0 and f = I X , then Corollay 2.9 becomes Theorem 5 of [13] .
